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ABSTRACT: We re-examine various issues surrounding the definition of twisted quantum
field theories on flat noncommutative spaces. We propose an interpretation based on
nonlocal commutative field redefinitions which clarifies previously observed properties such
as the formal equivalence of Green’s functions in the noncommutative and commutative
theories, causality, and the absence of UV/IR mixing. We use these fields to define the
functional integral formulation of twisted quantum field theory. We exploit techniques from
braided tensor algebra to argue that the twisted Fock space states of these free fields obey
conventional statistics. We support our claims with a detailed analysis of the modifications
induced in the presence of background magnetic fields, which induces additional twists by
magnetic translation operators and alters the effective noncommutative geometry seen by
the twisted quantum fields. When two such field theories are dual to one another, we
demonstrate that only our braided physical states are covariant under the duality.
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1. Introduction

Twisted quantum field theory is a modification of the traditional approach to noncom-
mutative field theory [1d, (g aimed at restoring the symmetries of spacetime which are
broken by noncommutativity. It was originally proposed in [[[§] as a means for obtaining
a canonical action of the Poincaré group for quantum field theories on Moyal spaces, thus
promoting twisted Poincaré invariance to a similar level as ordinary Poincaré symmetry in
conventional relativistic quantum field theory. This twisted symmetry was subsequently
generalized to a deformation of the bialgebra of diffecomorphisms for Moyal spaces and
used to systematically construct noncommutative theories of gravity [f]. Since these foun-
dational works a number of attempts have been made to understand the origins and impli-
cations of the twisted symmetries, and to investigate if they cure some of the complications



which arise in noncommutative quantum field theory such as UV/IR mixing, violations of
causality, and non-unitarity. This has led to a number of debates and different proposals
for how to implement twisted Poincaré covariance on the Green’s functions of the quantum
field theory. One of the goals of this paper is an attempt to settle some of these issues by
defining and analysing the quantization of twisted fields in as systematic a way as possible.

One of the main issues surrounding twisted quantum field theory concerns the proper
definition of the correlation functions, for instance whether one should take star products
when defining quantum averages of fields at separated spacetime points. Through some
approaches it has been claimed that the S-matrix and Green’s functions of twisted quantum
field theory are perturbatively equivalent to their commutative counterparts (see e.g. [,
R3, 9, BA)). In the following we will provide an alternative interpretation of this somewhat
surprising conclusion. We will show that twisted noncommutative quantum fields can be
reformulated in terms of commutative quantum fields whose arguments are the coordinates
of nonlocal dipole degrees of freedom. This point of view is not essentially new and has been
effectively employed in e.g. [, f]. The novelty of our approach is that we systematically
use the dipole fields to define and interpret the quantum field theory. We will see that all
quantum correlation functions of twisted noncommutative fields defined using star produts
can be canonically expressed in terms of those of the commutative dipole field operators.
This restores causality and explains the observations above, including why the twisted
quantum field theory is free from UV/IR mixing [§]. However, these averages involve
nonlocal field redefinitions and the mapping back to observables in the original spacetime
coordinates yields correlators which differ from that of the undeformed field theory. The
intractibility of this map has been noticed in completely different contexts in [23, B, .

A general framework which emcompasses quantum field theories with Hopf algebra
symmetries is provided by braided quantum field theory [B§] which uses combinatorial
techniques of braided categories for computing quantum averages. It enables the formula-
tion of symmetry relations among correlation functions such as Ward-Takahashi identities
which can be systematically formulated on Moyal spaces [B7, B§]. We will show that much
of this algebraic machinery can be avoided by exploiting the formulation in terms of com-
mutative dipole operators. Their causality property enables us to derive explicitly the
functional integral defining the quantum field theory which is manifestly invariant under
the twisted spacetime symmetries. As it is formulated in terms of the nomnlocal dipole
coordinates, the functional integration measure differs from the usual commutative one
that is used in the traditional perturbative approaches to noncommutative quantum field
theory which suffer from UV/IR mixing, acausality and non-unitarity. This point of view
suggests that twisted quantum fields capture the infrared dynamics of noncommutative
field theory which is dual to the ultraviolet dynamics of the elementary noncommutative
quantum fields.

Another central issue surrounds the physical interpretation of states in the twisted
Fock space for free fields. The debate does not seem to involve the deformation of the
canonical commutation relations of creation and annihilation operators, which has been
recently confirmed to arise from a noncommutative correspondence principle based on
consistent twistings of the bilinear maps associated to Poisson and commutator brackets



in [ff]. Indeed, our definition of twisted quantum fields also leads to the same deformation.
The main complication is the claim that the statistics of particle states change due to the
twisting (see e.g. [[]). In this paper we will argue that no such change occurs and twisted
Poincaré invariance is compatible with conventional Bose or Fermi statistics. This follows
immediately from the dipole formulation which requires defining multiparticle states using
braided tensor algebra, as in [RF), which is compatible with the star product and the
deformed coproduct of the twisted Hopf symmetry algebra. We show explicitly that the
twisted states obey ordinary statistics under the twisted action of the permutation group
on the Fock space.

While our argument for conventional statistics is rooted in a deep algebraic fact, the
braiding and twist in the case of Moyal spaces is so simple that it simply amounts to
consistent choices of sign conventions in momentum dependent phases of physical states.
To further elucidate the validity of these choices, we show that only these definitions map
consistently in the expected way between two noncommutative field theories which are dual
to one another. This situation occurs, for instance, when the field theory involves charged
fields coupled to a constant background magnetic field F'. If we allow the two-form F' to be
a freely varying parameter, then one obtains a continuous family of twisted quantum field
theories labelled by F' and related to each other by duality transformations. We show that
the effective noncommutative geometry seen by the twisted quantum fields is modified
in this instance. In particular, there is a “self-dual” point where only a commutative
description of twisted fields is available (in half the spacetime dimension). When the
field theory is defined on a noncommutative torus, the flux F' is quantized and there
is an infinite discrete family of twisted quantum field theories related to each other by
Morita equivalence. We adapt the standard duality mappings between adjoint fields to
our definitions of twisted quantum fields and show that the twisted Fock space states,
with our convention using braiding, transform covariantly under the Morita duality. This
shows that the twisted particle states with conventional statistics are the only ones which
obey the expected physical equivalence in the mapping between the dual quantum field
theories. As a byproduct of our construction, we show how twisted oscillators in background
fields are modified by further twists involving magnetic translation operators and relate
our construction to properties of the renormalizable, duality-covariant noncommutative
quantum field theories.

The outline of the remainder of this paper is as follows. Throughout this paper we
will be mostly concerned with the systematic construction and analysis of twisted scalar
quantum fields themselves, and not the explicit implementation of the twisted spacetime
symmetries. We shall also frequently compare and contrast our results with the existing
literature for clarity. In section P we detail the definition of twisted quantum fields in
terms of dipole operators and describe their main properties. In section | we construct
the functional integral formulation of the twisted quantum field theory and briefly study
the nonlocal field redefinitions required to map correlation functions in terms of the local
spacetime coordinates. In section ] we study the twisted Fock space, and in section [ we
describe the modifications to twisted quantum field theory for charged scalar fields coupled
to magnetic fields. In section [ we derive the covariant transformation law for twisted states



on a two-dimensional rational noncommutative torus, while in section [ the construction
is extended to higher dimensions and irrational noncommutativity parameters.

2. Twisted quantum fields on Moyal spaces

In this section we will define twisted quantum field theory in a way which naturally explains
how the usual pathologies of noncommutative field theory, such as UV/IR mixing and
nonunitarity in Minkowski space, are cured by, for example, the elimination of non-planar
diagrams from the perturbation expansion. This elucidates some previous observations in
the literature [[]. However, we will also stress the point that correlation functions of the
field theory are mot the same as those of ordinary commutative field theory, contrary to

some previous claims [, f, B2, B9, 4]
2.1 Dipole coordinates

The simplest noncommutative space is the Moyal space of dimension d which is described
by the associative *-algebra Ay = Ap(R?) generated by hermitean coordinate operators &;
with ¢ = 1,...,d subject to a set of Heisenberg commutation relations. We extend this
algebra by linear derivations p' = — o= Aut(Ay), i =1,...,d to a deformed algebra of
differential operators Dy = Dy(R?). The generators of Dy obey the commutation relations

[#i, 2] = 103,

5", 7] =0, (2.1)
where 6 = (6;;) is a constant, positive antisymmetric dxd noncommutativity parameter ma-
trix (so that the spacetime dimension d is even). In this paper we will work for the most part

on the trivial rank one module Dy over this algebra, acting on itself by left multiplication.
There is an algebra morphism

D@ — DO
(2, p7) — (Xi, P?) (2.2)
defined by the mapping of hermitean operators
Xi =& +30;p
Pl =5t (2.3)

The algebra Dy generated by {X;, P/} is the standard canonical commutation relation

algebra
[X:, X;] =0,
(X, P/] = i6,
[P, Pl =0 (2.4)



Using (R.T]) and the fact that the momentum operators p’ are derivatives, the new coordi-

nate operators X; can be rewritten in the form

X@' = ii—%aij[éj,—] = ii—%ad@i =

N[

(x n ;&Z(R)) , (2.5)

(R)

where ;"7 denotes the right action of the coordinate operators on the algebra of observ-

ables Ag. The latter form of X; can be easily seen to correspond to commuting coordinate
operators [[i, HJ.

The operators X; have appeared before in many different contexts. In quantum me-
chanics the morphism (P.J) is called the Bopp shift [{J). In the context of nonlinear
integrable systems its analog is called a dressing transformation [2(, P4, [i§]. In this paper
we will call X; “dipole coordinates”, as they are commuting but nonlocal position opera-
tors which grow with increasing centre of mass momentum transverse to their extension,
due to their dipole moment ¢; = %Hij p?. They may be thought of as parametrizing the
fundamental physical excitations responsible for the nonlocal interactions of noncommuta-
tive field theory [I9, BJ]. Indeed, the twisted quantum field theory defined below mimicks
the definitions of noncommutative dipole field theories [[L1], [§]. The infrared dynamics
of these dipoles are dual to the ultraviolet dynamics of the elementary noncommutative
quantum fields. The twisted quantum field theory that we study in this paper isolates this
low-energy sector of noncommutative quantum field theory.

Let us recall the geometrical meaning of the morphism (R.9) [B, [, B, B4, i3]. Let

E(x) = &i(z) O (2.6)

be a vector field acting in the scalar representation of the diffeomorphism group Diff (R?).
We identify the coordinates x = (x;) of R? as the simultaneous eigenvalues of the operators
X; and P! with the differential operators —i9° = —19/0z;. A twisted diffeomorphism in Dy
can then be obtained from a standard diffeomorphism generated by &(x) by simply identify-
ing the eigenvalues € R¢ with the commutative dipole operators X themselves to obtain

@) =6(X) 0 = &(@—40-0) 9

This formula agrees with the standard expression [f, for the action of twisted diffeo-
morphisms on Ay as (£ £)(2) = €9(2) f(2) = £(f).

This definition ensures that the symmetry generators &7 act covariantly on the algebra
Ap. For any pair of functions f,g € Ay one has the twisted Leibniz rule

o (frg) =no(D2a(E") > (f @), (2.8)

where

frg = p(feg) = (FUsf) (FPey) (2.9)



is the noncommutative star product on Ay with
F=F5Vgr® = exp(-416;P @P) (2.10)

an abelian Drinfeld twist associated to the algebra Dy. Here we have used a Sweedler
notation with a suppressed summation index, and the twisted coproduct is given by

Ng(€%) = F 1 (P @ida, +ida, @ €9) F . (2.11)

The usual observables of noncommutative field theory are defined by substituting the
operators & for the arguments x of functional expressions for commutative observables
I € Ao [[9, F2]. With a suitable ordering this defines the Weyl transform W : Ay — Aj.
In what follows we will be interested in the subalgebra of 4y obtained by substituting
instead the dipole coordinates X, according to prescription stated above. These are known
as twisted fields and are the ones which transform covariantly with respect to the action of
the deformed vector fields (R.7) (when expressed in dipole coordinates). Since the dipole
operators are (linear) combinations of the coordinates and momenta, they yield nonlocal
field redefinitions containing an infinite number of derivatives in terms of the original
variables x. Thus even though the new coordinates X; commute, their insertion leads to
an inherent nonlocality characteristic of noncommutative field theory.

2.2 Free twisted quantum fields

Consider a free real scalar quantum field ¢(x) of mass m > 0 in second quantization on
ordinary Minkowski spacetime in d dimensions. We denote the simultaneous eigenvalues
of the momentum operators P’ by p = (p’) = (p°, p), where p € R%~! and the (upper)
mass-shell relation gives

P’ =/m?2+p?. (2.12)

The mode expansion of the relativistic field is given by

. ddilp . .

o(x) :/ 20 <d(p) e TP 4l (p) elw) ; (2.13)
P

which realizes it as an operator-valued tempered distribution in terms of the standard

representation of the canonical commutation relation algebra on the bosonic Fock space

‘H. The creation and annihilation operators obey

at(p), (2.14)

Let us now substitute the commuting dipole coordinate operators X in place of their

eigenvalues x. To make this substitution unambiguous, we define it in terms of the sym-

metrically ordered parity operator géd(/i)g =/ % exp (ip- 121), so that for example



the Weyl transform W : 4y — Ay of a function f € Ay is given by

Wlf@)] = f@) = / a'e f(€) 26UE — 2)°

ddp . N
- [ o [aen© ewlinc-a). @)
(2)
This definition leads directly to the Moyal product
f(@)g(&) = (f xg)(&) . (2.16)
For the positive energy component of the quantum field ¢ at momentum p, we then have
oy (X) = ¢ (2 +30-D)
N / e e = a(p) 20M(E—a—10-p) % = a(p) e =PI o7 IPT (217)
This realizes the twisted quantum field (ﬁ(X ) as an operator on Dy @ H.
Alternatively, we can represent é(X ) as an operator on Ay ® H via the Weyl transform
by defining a set of twisted oscillators (see for example [{, [, B2, B]), i.e. by defining a

new set of creation and annihilation operators a,(p), dg(p) in terms of the original ones.

eq. (R.17) suggests the definition

dg(p) = alp) ez PO0P
f(p) | () o (2.18)
ay(p) = a'(p) e=??
where
=i . dd*lp i« .
P = / 2 P a'(p) a(p) (2.19)

is the momentum operator on the Fock space H. It can be easily shown that the ordering
of the oscillators a(p) and exponentials in (R.1§) is immaterial, and that in the definition
of the momentum operator (R.19) we could as well have used the ag(p) oscillators instead,
due to antisymmetry of the tensor 6;;.

The new oscillators generate the twisted canonical commutation relation algebra

ag(p) ag(q) = ag(q) dg(p) e 'P¥1,

ah(p) ah(q) = ah(q) aj(p) e 70, (2.20)
: i
0 0

The field operators corresponding to these twisted oscillators are given by

&) = / d;_,;p (a0p) e 177 +af(p) e 7). (2.21)

They can be used to canonically generate the twisted quantum fields above through their
Weyl transform

3(X) =¢(2) . (2.22)



Using the twisted commutation relations (2.2()), we can compute the star commutator

of the scalar field (2.21)) at separated points. One has

[6%(2) * % (y)]

! ! —ips , —iq gy . . —ip
/ 2p0p / : [(de(p)ae(Q)e e Y —ag(q)ag(p)e Y x e pﬂc)

From (R.1)), (B-16) and the Baker-Campbell-Hausdorff formula one has the identity
e 1PT 4 10V = ¢ IPTFieY o3Pl (2.24)

It follows that every bracketed term in (R.23) vanishes but one, leaving the result

d

P P =i [ F smp @) s (- VTR ) . (229)

The integral vanishes for spacelike separated points z,y, and hence the algebra of twisted
real scalar fields with the star product is microcausal, just as in the commutative case.
This property is consistent with their identification (£.23) in terms of commutative dipole
fields and was also observed in [P9].

However, as the dipole coordinate X is defined in terms of both coordinates and mo-
menta, the field é(X ) is expressed in a nonlocal way in terms of the original position
variable 2. It follows that local observables written in terms of ¢(X) correspond to non-
local observables in terms of the fields ¢(z) containing an infinite number of derivatives.
This is easily seen by noting that the Green’s functions of the quantum field theory are
built from the vacuum expectation values of products of the fields

O(XT) - d(X7") = ¢ (3") - 7 (3") = W[ (") w0 ()]
— W [H exp (—% aig 0 %) () --qBG(x”)] . (2.26)

a<b

In turn, this implies that there are no non-planar diagrams in the perturbation expansion of
any interacting model built on these fields, and hence the usual undesirable features of non-
commutative quantum field theory such as UV/IR mixing and non-unitarity in Minkowski
signature do not show up in twisted quantum field theory. There is, however, a nonlocal
correspondence between the correlation functions of the twisted theory and those of the
original untwisted noncommutative field theory. This renders an alternative perspective
on the problem of the computability of twisted quantum field theory described in [E5]. We
describe some aspects of this correspondence in the next section.



3. Functional formulation of twisted quantum field theory

The definition of the functional integral which defines a quantum field theory invariant un-
der twisted spacetime symmetries can be given formally in the context of braided quantum
field theory [B3, B, BY| (see also [27]). In this section we will give a more pragmatic defini-
tion which avoids the use of this abstract algebraic machinery by exploiting the formulation
in terms of dipole fields. This quantization of the twisted field theory makes it qualita-
tively similar to noncommutative dipole field theories [[[6). The mapping of correlators
in the dipole coordinates back to correlators in the original spacetime coordinates can be
presumably achieved using the braided formalism, though we will not pursue this issue here.

3.1 Twist invariant functional integral

To quantize the noncommutative scalar field theory defined in terms of twisted fields using
functional methods, we need to construct a measure for the path integral which defines the
twisted quantum field theory with the manifest twisted spacetime symmetries. This can be
done by using the formalism of dipole coordinates and mimicking the standard treatment
of the functional integral in the commutative case. Notice first of all that the field theory
with twisted fields and the star product can be canonically quantized, since the equal time
canonical commutation relations hold. Writing x = (x;t) with € R, in the free field
case this follows by applying time derivatives to (R.29).
The equal time canonical commutation relation algebra is

(67 (s t) * 87 (y;t)] =0,
[11%(z; 1) * 11%(y3t)] = 0,
(0% (1) * T (y31)] = 167 Mz —y) (3.1)

where ﬂe(a:;t) is the momentum operator conjugate to the quantum field ée(:c; t). One
can therefore apply all the usual machinery of coherent states |¢;t),|II;t) defined as the
simultaneous eigenstate functionals of the quantum field operators with

H(X:t)dit) = ¢p(&t)|ost)  and  IN(X;e)|It) = TI(&t) Tty (3.2)

where & € R ! are the eigenvalues of the spatial dipole operators X. They span a
functional Hilbert space H and have the usual inner products

(B15t]p2;t) = d[p1 — 2],
(Hl;t|H2;t> = 6[1_[1 — ]._.[2],

(o; tITL; ) = exp (i /dd_l{ 11(¢; t) ¢(£;t)> : (3.3)

1
V2T
We only have to keep track of star products when they appear.

Let us start with the propagator

<gout(tf)|£in(ti)> (34)



describing the S-matrix element between in and out states. We partition the time interval
[ti, tf] into intermediate times t; = tg < t; < -+ < tny = tf, and at the end take the limit
N — oco. We use the completeness relation

= [ TT dolesn) losth(ont (35)
ﬁGRd 1
with a redundant notation to single out the time dependence. Inserting the identity (B.§)
for each time #; into the propagator (B.4), we obtain

(W (1) X (1)) = ngnooﬂ [ TL detens ) Loulinionstmion tulon-rity-1)
&GRd 1

X (ON—1;tN—1]|ON—2:tN_2) - - (D15 t1|P0; L0) (D0;to| ¥in(to))-

(3.6)

Now we use the fact that the quantum hamiltonian H[II gzvb] of the scalar field theory

generates time translations with

(Goi taldrity) = (dosty|e 1 (T AMLG] g gy (3.7)

Inserting the completeness relation

idy _/ [T dmge) [ (3.8)
EERd 1

at times tg, t1, ..., ty_1 into (B.6) and using the inner products (B.3), we obtain the standard
expression for the phase space path integral

<20ut(tf)’21n(ti)>

N-1
= lim / H H d(bl Elatl H H dHl sl’tl <Eout(tN)’¢N§tN>

N—oo
=0 gleRd 1 =0 £l€Rd 1

N-1
X exp <i > (I (41 — ¢1) — oty H[Hla¢l])> (P05 tol W in(to))
- (3.9)

with §t; = t;11 —t;. The quantum hamiltonian HI[II, gzvb] is the original one defined in terms
of the noncommutative star product, and hence the exponential function in (B.9) reproduces
the usual Boltzmann weight with the action functional of the untwisted noncommutative
field theory.

The measure in (B.9) is a product of the Lebesgue measures d¢(&;¢) dII(&;t) over the
eigenvalues of the dipole operators X. This defines the twist invariant functional integra-
tion measure. By means of the identification (R.22), we see that the hamiltonian written
in terms of the field variables ¢(X) is the hamiltonian of the underlying commutative field
theory. However, our S-matrix elements are not commutative ones but appear to agree
with those computed in [[[3). Moreover, our functional integration measure is different

from the naive commutative one used in e.g. [f4].

,10,



3.2 Coherent state representation of dipole operators

We will now elucidate the correspondence between the set of noncommuting coordinates &
and the commutative dipole coordinates X, required to match correlation functions defined
by the functional integral (B.9). For this, we rewrite the standard formalism of coherent
state representations appropriate to the field dependence of twisted quantum field theory.
For clarity we restrict the construction to d = 2 spacetime dimensions. First, we pass to
complex coordinate operators

(3.10)
obeying the commutation relations
(2,21 = 201, = 20. (3.11)

We also define corresponding complex derivations (5,5 in such a way that they fulfill the

commutation relations

[6,2] =1 = [0, 21],
(0,21 =0 = [0, 2], (3.12)
[6,0] =0.

We can then introduce a module over the algebra Ay spanned by coherent states which are

the normalized eigenstates of the coordinate operators Z given by

2t
0 = exp (—— >exp (5 )c=0  win d0 = ¢, Gy

where ¢ € C.

We now define the commutative complex dipole coordinates Z, Zt by

Z=X +iXy = 2-00, 510
Zt= X~ iXy = 21 108 '
which obey
[Z, ZT} ~0. (3.15)

In order to define the delta-function in these new coordinates, we need to compute the

matrix elements of the plane wave operator

({exp (ip- X)[¢) = ((lexp (3 0 Z" +p* 2)))

_ X N _ (3.16)
= ((lexp (50 (p0—p*0))IC) exp (5 (pC" +p7C)) -
One can straightforwardly derive the identities
N #\ !
mo'le) = (%) o) .
(3.17)

md'c) = () olc)

— 11 —



from which we find

/

(lexp (ip- X)C) = ((lexp (40 Sy +1* £))IC) exp (5 (0" +p*Q))

. (3.18)
= exp (B (p¢™* + 57 0) (C1C) -

We can compare the matrix element (B.1§) with the analogous one for the standard
noncommutative coordinates 2, zZ. One finds

((lexp (ip-2)|¢) = ('lexp (5 (p2T +p*2))[C)

. (3.19)
exp (3 (¢ +p*¢) = §Ip?) (C'IC) -

The difference between the two matrix elements (B.1§) and (B.19) emphasizes the commu-
tativity of the dipole coordinates X, as well as the nonlocal relationship between them and
the noncommutative coordinates z.

One can also easily derive the matrix elements

(1210 = (¢=5¢") 10 and  ((1271¢) = (¢" =3¢ (I¢) - (3:20)

From these expressions one can derive a representation of the complex dipole field operators
in the coherent state basis as

7 = /d% (C—1¢) (O] amd 2zt = /d% (¢ =10 10K (321

This is to be contrasted with the coherent state representation of the noncommutative
complex coordinate operators, given from the definition (B.13) by

5 = / 2l and 3= / a2¢ ¢ 10(C] - (3.22)

The nonanalytic dependence of the dipole coordinate operators is analogous to that in the
definition of Bargmann space in the quantum mechanics of the lowest Landau Level, where
the projection onto the ground state induces the representation ¢* — 9/9¢. This allows
one to deal with nonanalytic potentials in a space of analytic functions, at the expense of

locality [[[0, BJ].

4. Braided tensor algebra on the twisted Fock space

We have seen that the twisted quantum field theory, although commutative, has nontrivial
features because of its nonlocality in the original coordinate variables. The perturbation
expansion of any observable, however, has no nonplanar diagrams because of the twist of
the quantum fields. In this section we will explore the physical meaning of the twisted
oscillators dgy(p) introduced in (2.1§). We will do this by investigating the structure of the
Fock space H? built on the quantum operators ég(p).

- 12 —



4.1 Action of the symmetric group

The Fock space H of the untwisted quantum field theory is graded by particle number
N e Nj as

H = é Hy - (4.1)
N=0

The one-dimensional subspace Hj is spanned by the vacuum state |2) annihilated by the
oscillators a(p). From the definition (R.1§) it follows that the vector |Q2) is the (unique)
vacuum state of the twisted oscillators ag(p). Moreover, since for any momentum p the
Fock space number operator can be written as

N, = al(p)a(p) = aj(p)ao(p). (42)
it follows that any monomial in the twisted oscillators has the naive particle number. Thus
HY = Hy and the grading operator on the twisted Fock space H? is the same as that
on (E.1). The one-particle sector H{ is spanned by the vectors |p)y = dg(p)m) =al(p)|Q).
Thus H? = H; and hence single-particle states are momentum eigenstates which are also
unaffected by the twist. This is consistent with the fact that the twisting does not change
the coproducts (R.11]) of the momentum operators (R.19).
Let us now consider an indecomposable two-particle state in H§ given by

p)e ® lado = af(p) af(q)|2) - (4.3)

The permutation of the two particles is determined by a flip operator o which preserves
the grading on H?. Using the twisted commutation relations (B-20) it is given explicitly by

alp)e @ lade = |a)o @ p)e = a)(q)ah(p)|)
= e P0Gl (p)al(@)IQ) = e P p)y @ [q)g . (4.4)

It is easy to see from this equation that the flip operator o fails to be an involution of
HY. To generate a representation of the permutation group Sy on HG, we represent the
Drinfeld twist (B.10) as an operator F on H? by replacing the translation generators P?
by the second quantized momentum operators (B.19) acting on H?. Using this Fock space
representation we define the twisted flip operator

og=FoocoF 1. (4.5)

Then oy is an involution of H?. The representation of the twist operator F on H$ extends
to arbitrary tensor products of single-particle states where it satisfies analogous equations.

The meaning of the expression ([.§) can be understood as follows. The flip operator
o defines a representation of the permutation group on the untwisted Fock space H. After
the twist, it fails to be a representation of the symmetric group on H?, until we twist the
representation itself, which restores the Yang-Baxter equations giving the relations of Sy .
Applying the twisted flip operator to a two-particle state yields

oalpYe @ la)e = e'PPal(q)al(p)) = ah(p)af(@)IQ) = Ip)e @ la)e . (4.6)

,13,



The relationship between the original state and its image under transposition is nonlocal
in the naive way, because of the appearence of a differential operator with infinitely many
derivatives.

It is interesting to observe that, whilst in the generic case the operator ¢ is not an
involution of the twisted Fock space, by (f.4) it squares to the identity when the momenta
of the particles belong to an appropriate lattice, as is the case when the field theory is
defined on some torus. Consider for definiteness the two-dimensional case, and set

- 2
P = il n; with n; € Z (4.7)
L;
where L;, i = 1,2 are the sides of a rectangular lattice I' 2 Z2. Then the argument of the
exponential in ([l.4) is of the form

2m 0
-0-q=2m n1mg —mina), 4.8
p q L. L (n1ma 1m2) (4.8)
and the exponential is unity whenever the quantity L21’TL92 is an integer. When this happens,

we can give the canonical meaning to the exchange of two particles. If our quantum field
theory is defined on a torus whose area is quantized according to

n-Area = 276 for neN, (4.9)

then there is no need to twist the flip operator as well. In this case the Fock space H?
built by means of the twisted creation and annihilation operators a,(p), dg(p) is bosonic.
This simple observation will be elucidated and generalized in sections | and [ An anal-
ogous fermionic Fock space can be constructed by starting from untwisted fermionic field
operators.

In the general case, the twisted flip operator oy, together with its natural extensions to
higher number multiparticle states, provides a representation of the permutation group on
the twisted Fock space H?. It would be interesting to relate this action of Sy to appropriate
generalizations of the known braid group representations to accomodate our commutation
relations, which may be expressed as

Pl @lg)g = PP e @ Ip)e = R )o@ [p)o - (4.10)
Here
R = RVeR® = F? (4.11)

is the universal braiding matrix of the triangular Hopf algebra structure of Dy [H, B9
Triangularity implies that the twisted flip operator (.§) can be written as

09 = Roo = R, (4.12)

and hence braiding and transposition coincide on the twisted Fock space H.
The commutation relations (4.10) uniquely follow from the twisting of the creation
and annihilation operators de(p),d}; (p), which is equivalent to the morphism (R.2), and
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they describe multiparticle states with ordinary (untwisted) statistics. This result agrees
with those of e.g. [L3, 3, 4], but disagrees with results of e.g. [f]-[H] and [B9 where it
was claimed that the states of HY obey twisted statistics. Our formulation is in the spirit
of [R1] where conventional Bose and Fermi statistics are maintained by the twisting of
quantum group symmetries, and of [B1] where unitary transformations of operators such
as ([L.H) are consistently compensated by transformations of their representations as well (as
done in [[f]). As we demonstrate below, it is this definition which follows from a consistent
treatment of the star products of fields that deforms the tensor algebra of Ay to the braided
tensor algebra corresponding to the triangular structure R [[l, BJ). These deformations are
all required for compatibility with the noncocommutative twisted coproduct Ay and the

action of twisted spacetime symmetries in (R.§).

4.2 Braiding of multiparticle states

We will now derive a relation between twisted quantum fields and the definition of twisted
multiparticle states of H? as braided tensor products of single-particle states. To understand
how this definition arises, we consider the associativity law for the star product of N
fields fo(x), a = 1,...,N, with respective Fourier transforms f,(p). By iterating the
identity (R.24) we compute

. d? a ip1-x ipn-T

(4.13)

N d _ . .
= H / (C;ﬂ]-))il fa(pa) e Pt exXp <_% Z Pa -0 - pb)
a=1

a<b

When applied to the mode expansion (R.13) of an untwisted quantum field on 7, this
relation implies that the basic multiparticle states of noncommutative quantum field theory

in the basis of momentum eigenstates are given by

[P1)o @ -+ @ |pn e =exp (—% > pa-0 -pb> Ip1) ® -+ @ pN), (4.14)

a<b

where the vectors |p) = a'(p)|Q2) € H; are the ordinary Fock space states. This defines
a deformation of the tensor product of single-particle states to the braided (or twisted)
tensor product

[p1))e @ -+ @ |pn)o = [p1) @x -+ O IPN) - (4.15)

On Ay, the braided tensor product is the extension of the star product (B.9) to the tensor
algebra Ay ® Ay, so that

forg = (FUS o (FPbg) = (fel)x(1oyg). (4.16)
With this definition one has

(1@, f)* (g 1) = (RPbg) @, (RUbf) . (4.17)
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In particular, one has fxg = po(f®«g) where pg : Ag®Ag — Ap is the ordinary (untwisted)
pointwise multiplication on the commutative algebra 4y. Notice that the derivation given
above uses only the associativity of the star product. It therefore also applies to quantum
field theories on more general noncommutative spaces, provided that one is able to define
momentum eigenstates (i.e. free particles).

Consider now the indecomposable twisted state vector in H]GV given by

P1)o® - ® |pn)e = ah(p1) -+ ab(pn)I)

= al(p) 377 al(py) e 2P0 PI0)
_ ELT(pl) e%pl-g'(P2+~~~+pN)

x af (pg) eZP20PstFpn) gt (py 1) e 2PN-1OPN GT(p ) [Q)
(4.18)

The overall exponential in (J1.1§) is inverse to the exponential defining the braided tensor
product in (fl.14). Hence the relation between twisted multiparticle states and ordinary
Fock space vectors is inverse to (fl.17), and one has

Ip1) ® - @ |pN) = [P1)6 @ - Bx [PN)g - (4.19)

Since the noncommutative star product may be defined in terms of the braiding of the
tensor product alone, it follows that by using both braiding and twisting one cancels out
the effects of noncommutativity. This is simply another version of the observations regard-
ing the commutative dipole field operators given in section R.3, and is the basis for the
observations of [R4, i4]. In particular, both formulas ([.15) and ([.19) agree with the gen-
eral conclusions of [B{], derived using methods of braided quantum field theory, concerning
the equivalences between correlation functions of the commutative and noncommutative
field theories. Notice that by employing both the braided tensor product and the twisted
oscillators into the definition of the quantum field theory, the standard flip operators o
generate a representation of the permutation group on the resulting Fock space.

On the other hand, one could have defined the braided Fock space, i.e. the Fock space
defined in terms of braided tensor products, by using twisted creation and annihilation
operators with the opposite twist. This would be tantamount to the definitions

bo(p) = a(p) ezP?P,
Bi(p) = at(p) e zP0P

It would manifestly reproduce all the relations for the Moyal star product of the corre-

(4.20)

sponding quantum fields. We will see in the following that the Fock space formalism of
this section is the only one which is compatible with duality transformations of the twisted

quantum fields.

5. Twisted quantum fields in magnetic backgrounds

In this section we will describe how the previous considerations generalize to charged scalar
fields in a constant background magnetic field. These models define duality-covariant
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noncommutative quantum field theories [BJ, BJ]. Their infrared and ultraviolet regimes are
indistinguishable due to the duality, a property which eliminates the pathologies associated
to UV/IR mixing and renders the noncommutative field theory renormalizable [Rf]. These
models naturally arise when we consider the behaviour of twisted quantum fields under
duality transformations of the noncommutative spacetime, as will be further elaborated in
the subsequent sections. We will find that the effective spacetime geometry underlying the
twisted quantum fields in these cases is modified by the magnetic background.

5.1 Duality covariant quantum fields

We begin by deforming the algebra Dy of differential operators defined by (R.)) to an
algebra Dy r whose generators ;, 7’ obey the commutation relations

2, @] = 105,

where F” is an additional antisymmetric tensor in GL(d, R) which plays the role of a con-
stant background magnetic field. The operators p* are interpreted as magnetic translation
operators, which translate the coordinate operators Z; in the standard way and commute
with the usual Landau hamiltonian % > ﬁ? for the motion of charged particles in the
magnetic background F%. The analog of the algebra morphism (P.2) is somewhat more
involved in this case, and was described originally in [BJ—[£]] in the context of a back-
ground independent formulation of noncommutative Yang-Mills theory. Its existence is
guaranteed by Darboux’s theorem which implies that there is a linear transformation of
operators bringing the commutation relations (f.]) into the canonical form (2.4).

Thus there exists constant antisymmetric matrices A,II € GL(d,R) such that the
differential operators

Xi=&+AMAj P,
Pl =p + TV & (5.2)

generate the algebra Dy. Substituting (p.9) into the canonical commutation relations (P.4)
shows that A and II are determined by the d x d matrix equations

2A—AFA=96,

2[I-T0II = F,
ATI-AF-011=0. (5.3)
When F' = 0, the first and third equations give A = %9 and II = 0, while the second
one is then an identity. In this case (5.J) reduces to the expected mapping (R.3) in the
absence of the background field. Conversely, when § = 0 one has Il = %F and A = 0,

and (5.9) is just the standard relationship between momentum and magnetic translation
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operators for the propagation of charged particles in a constant magnetic field. Note the
perfect symmetry between position and momentum variables. This is the crux of the
duality-covariant model [BJ]. In this case the dipole momenta P? yield additional nonlocal
field redefinitions in momentum space in terms of magnetic translations, and hence lead to
a covariance under the UV/IR duality between noncommutative dipoles and elementary
noncommutative fields.

It is easy to see that the equations (f-J) cannot be satisfied when F' = =1, From the
first two equations one shows that F = #~! if and only if A = # and II = 6~!, but this
is inconsistent with the third equation. The case F' = 6~ is somewhat special and must
be handled separately [BJ-[i]]. We shall therefore deal first with the generic case where
F #4671

Both the appropriate analogs of the Weyl transform and the Drinfeld twist further
require commuting momentum operators which generate translations in the noncommuting
coordinates Z; in the standard way. The operators

. 1 i .
pP=(———r) pi 4
(idd—9H> ; (54)

satisfy the requisite commutation relations
[P',P] =0 and  [#, P] = i67. (5.5)

Note that II # 6~! by our assumption that F # #~'. The twist operator defining the
standard Moyal product associated to the noncommutative algebra Ay in the magnetic
background is then obtained by substituting P’ with P’ in (B-1(). Thus the required
abelian Drinfeld twist associated to the algebra Dy r is given by

o . _ 1 1
F o= exp(—%@ijPZ@)P]) with 6 =

0 .
idy—116  idy— 010

(5.6)

Consider now a non-relativistic complex scalar field with the mode expansion
H(w) = / A% (alk) e+ 1 5i(k) o +%) (5.7)
) (@) ’ '

where the pair of creation and annihilation operators (a(k), af (k)) and (b(k), b7 (k)) generate
two mutually commuting copies of the canonical commutation relation algebra (2p° — 1
in (B.14)). This realizes the fields (p.7) as operator-valued distributions on the Fock space
Hs ® Hj. The Fourier momenta £ in this expansion are identified as the eigenvalues of the
commuting dipole momentum operators P?, while the coordinates x are the eigenvalues
of the dipole position operators X;. Similar expansions of commutative quantum fields in
magnetic backgrounds are considered in [B(].
By using the normalized translation generators (b.4) to shift the parity operator

053 — £)g = e 16 950 ()8 e 1EF (5.8)

the definition of the Weyl transform is the same as in (2.15). This is the definition appro-
priate to the Moyal product (R.16) defined by (p.4). To carry out the analogous calculation
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to that of (R.17), we eliminate the magnetic translation operators p° in the definition of
the dipole coordinates using the second equation of (f.9). Using the commutation rela-
tions (p.5) along with the fact that the matrix (idy — AII) A is antisymmetric, we find

bH(X) = / d%e ¢ 1P€ a(p) 26%E — i — A-p)S

ale d /<7 ik=P)€ G(p) o~ iR EHAD)

= alp) e —ip-((idg—ATD)-&4A (idg—0 I)- P)

_ d(p) efép-(iddeH)(AGH)-p efip-A-P efip-(iddeH)-i ) (59)

This result suggests the definition of twisted oscillators

Go p(p) = e FPUa—AD A0 5 o= ipAP
bo,r(p) = o2 P =MD AOIDD ) o =i AP (5.10)
and similarly for their hermitean conjugates, where
i dek i /. § 3 §
} :/ oyt K (@ (0al) + 510 b)) (5.11)

is the total momentum operator on Hz ® H;. These operators obey the twisted canonical

commutation relations

ag,r(p) ag,r(q) = e*7™ ag p(q) dg,r(p),

ao.p(p) @ p(q) = e 2PN af L(q)dg.r(p) +0%(p — q),

bo,r(p) bo.r(q) = 2P by p(q) by r(p)

bo.r(p) b o (a) = © 2PN} 1(a) bor(p) + 5% (p — a)

ao,r(p) bo.r(q) = 2P by 1-(q) ag,r(p),

a0,r(p) by 1o (a) = 2 PMUB) 1(q) dor(p) |

ah p(p) b p(q) = e 'PNUBL (q) b p(p) (5.12)

along with their hermitean conjugates. They generate a twisted Fock space which is no

longer a free product of independent Fock spaces Hg’F and Hg’F. In particular, the (un-

twisted) transposition of particle and antiparticle states produces nonlocal correlations.
The corresponding field operators

d
""" (z) = /((217:; (de,F(k) e TR bl (k) eim) (5.13)

obey the dipole field relation

P(X) =" ((idg — ATI) - 3) . (5.14)
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From (F.14) we learn that the twisted field operators together with the original star prod-
uct defined by the twist element (p.6]) do not generate a commutative algebra, due to the
presence of the magnetic background IT # 0. Instead, the commutative dipole field alge-
bra is obtained from the Moyal product with a background dependent redefinition of the
noncommutativity parameter § — 6 given by

0 = (idg —TIA) 0 (idg — ATI) . (5.15)

In particular, the twisted spacetime symmetries act on a new noncommutative algebra Agr.
The new twisting is a consequence of the appearence of magnetic translation operators p'
in the second line of (b.9). This is a realization of the proposal of [[4] for defining twist
elements associated to gauge symmetries using covariant derivatives.

Such a transformation of the moduli of the scalar field theory is anticipated by the
UV/IR duality transformations [BZ], and it is similar to the Seiberg-Witten transformation
of the magnetic field in terms of open string degrees of freedom [[(], which relates commu-
tative and noncommutative descriptions of the scalar field theory. As we will discuss further
in the ensuing sections, such changes in the noncommutative geometry relate the twisted
quantum field theories through duality transformations obtained by varying the two-form
F. Notice as well that the braiding of multiparticle states in the twisted Fock space H%*
generated by the quantum operators (5.10) is determined by yet another generically dis-
tinct noncommutativity parameter 2A. Thus the duality covariant field theory provides a
dynamical model for the families of field theories labelled by different noncommutativity
parameters in e.g. [[§, B2, 5, B9, wherein the twistings of the coordinate algebra and of
the quantum field operators are generically different.

Finally, we note that one can employ a more “covariant” definition of the shifted
parity operator by using the noncommuting magnetic translations, obtained by replac-
ing P with p' in (F.§). One then computes as above that the braiding of multiparti-
cle states is determined by the noncommutativity parameter 2(idy — A F') A, while the
star product defining the commutative algebra of twisted quantum fields is determined by
(idg — F A) 0¥ (idg — A F). Tt would be interesting to investigate further the general struc-
ture of solutions to the defining matrix equations (p.J) to see if and under what conditions
there exists a solution for which the braiding coincides with the twisting defined by the
original Moyal geometry given by (b.6). In any case, one should realize that even in the
commutative case 6§ = 0, the quantum fields above are nonlocal in momentum space with
respect to magnetic translations [B(].

5.2 Dimensional reduction of self-dual quantum fields

We now consider the special choice of moduli F' = #~!, wherein there is no algebra mor-
phism between Dy y-1 and Dy. This is the self-dual point wherein the noncommutative
quantum field theory is invariant under the UV/IR duality [BJ]. At this point the field
theory becomes an exactly solvable matrix model [BJ], having an infinite-dimensional U(co)
symmetry acting by symplectic diffeomorphisms of the spacetime. For the real duality-
invariant ¢*-theory without the magnetic field, in perturbation theory the beta-functions
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of the coupling constants vanish to all orders [[7]. We will demonstrate that these spe-
cial features of the self-dual point can all be understood from the fact that the effective
spacetime dimension seen by twisted quantum fields is reduced to %l =n.

Generally, the differential operators

di=p' + (671 &, (5.16)

[d, 3] =0 and [d,d] = —i(F-6"1)". (5.17)

At the self-dual point F = 6~ !, the operators d' thus belong to the center of the algebra
Ay, which is just C (the constant functions). Up to an irrelevant constant shift one thus
has d' = 0 or

p=—(0"1)" 2. (5.18)

This is simply the unique irreducible representation of the Heisenberg commutation re-
lations, and there is a reduction Dyg-1 = Ay. There are no independent momentum
operators and one must instead exploit the irreducibility of the representation to build the
twisted quantum states of the scalar field theory. This leads to a corresponding reduction
of the Fock space at the self-dual point.

We can choose a basis of R? in which the antisymmetric matrix § = (0;;) assumes its
Jordan canonical form

0 = (5.19)
_Qn
On

where d = 2n and 6, # 0 for a = 1,...,n. In this basis the algebra Ay = @, Ay, (R?) splits
into n mutually commuting blocks of noncommutative two-planes. Then the operators

Xa = i'2a—17

1
P = —— 9, (5.20)
ba,
for a =1,...,n generate the canonical commutation relation algebra of DO(Rd/ 2). Lacking

a set of independent translation generators for the noncommutative space, we must use
these coordinates as our set of canonically conjugate variables. Both the dipole coordinates
X, and momenta P are now local and commuting.

The corresponding twisted quantum fields are given by

(X)) = / % (agﬂ_l(k) e T FX 4Bl (k) e“‘“'X) (5.21)
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where the operators (d9,9_1(k),d};79_1(k)) and (6979_1(k),lv)T (k)) generate two mutually

0,0-1
commuting copies of the undeformed canonical commutation relation algebra in g dimen-
sions. These fields behave as ordinary, commutative quantum fields. The effects of non-
commutativity have been absorbed into a dimensional reduction of the effective spacetime.
This is analogous to what happens in a system of charged particles constrained to lie in the
lowest Landau level, where the phase space is degenerate and the wavefunctions depend on
only half of the position coordinates. Untwisted noncommutative fields living in the alge-
bra Ay can be quantized by other means [R6, B2, BJ]. But due to the locality of the dipole
operators in this degenerate case, the twisted quantum field theory admits only a local
commutative description in half the spacetime dimension. The action of twisted spacetime
symmetries is truncated to a Diff (R%?) subgroup, but now there is an action of U(co) by
inner automorphisms of the algebra Ay generating an action of the symplectomorphism
group of R? on untwisted noncommutative fields [B4].

6. Twisted quantum fields on rational noncommutative tori

The definition ([f.14) leads to the problem, in the untwisted case, of statistics of particles in
the traditional approach to noncommutative quantum field theory. We noted in section 1]
that, if any phase appearing in the braiding factor respects the condition

Do 0-pp = 27 for neZ, (6.1)

then the braiding resulting from the action of the flip operator ¢ on the corresponding two-
particle state disappears. In this section we will extend these considerations to cases where
the noncommutative field theory is defined on a torus fulfilling the more general condition

Pa-0-pp = 2wh for heQ. (6.2)
In this case the the braiding phase factor in d = 2 dimensions is of the form
. .
exp (271'1 ~ (n1mg —my ng)) with [[NeN, I<N. (6.3)

Quantum field theory with complex scalar fields that are adjoint sections of a gauge
bundle over a noncommutative torus with rational dimensionless noncommutativity pa-
rameter is equivalent, by gauge Morita equivalence, to a quantum field theory defined on
a commutative dual torus, with related moduli. In this section we will apply the standard
construction of the dual field theory [P, P§ [J] to twisted quantum fields on a rational
noncommutative torus and confirm that our definition of the twisted Fock space maps to
the usual one of commutative quantum field theory. We consider only the two-dimensional
case here in order to elucidate the braided construction of section [ in as concise a way
as possible. More general duality transformations, including the higher-dimensional cases,
will be treated in depth in the next section.
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6.1 Duality transformations of quantum fields

The lattice I' defining the original noncommutative torus is determined by the period
matrix ¥ and the standard square lattice of unit spacing defined by the vectors of T’ = Z2.
The period matrix may be regarded as a map

(X:T — T)€GL(2,R) . (6.4)

The nonrelativistic quantum field on the noncommutative torus is given by the mode ex-
pansion
d(x) =) alp) e TP (6.5)
pel’
where throughout we display only the positive energy particle components for brevity. This

field, as a function on the covering plane, is periodic with periods defined by X,

Pz +X-v;) = ox) for « = 1,2, (6.6)
where v; are the vectors of the canonical basis of Z2. Hence it determines a well-defined
single-valued field on the torus R?/T'. We will regard it as a section of the trivial rank one
gauge bundle over the torus.

The associated commutative dual field lives in the adjoint representation of a U(N)
gauge group [Rg] and can be defined as

¢V (z) = Z a(p) ® QW) ph) ¢ 1% aw)B) o —2mip Bl (6.7)
pel
where
01 0 1 0
0 1 QQi
e
P = and Q = (6.8)
1 R | 0 . e27ri(1<]\771)

are the SU(N) 't Hooft shift and clock matrices which generate the N x N matrix algebra
M(N, C) and obey the commutation relation

PQ=QP ¥i/N (6.9)

The phase factor exp[i % a(p) B(p)] is introduced for convenience. It entails the symmetric
ordering of the matrices P and ). We have also defined the linear functionals

(X(q) iq'A'Ula
Blg) =q-A-vy

with A a nondegenerate integral matrix in M(2,Z). The duality map M between the

(6.10)

fields (6.5) and (B.7) is implemented by a correspondence between projective modules over
dual tori.
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Let us consider the products of the dual field ¢ V. Using (6.9) they can be written as

¢V (x) 9V (x) = Z a(p) a(q) ® QW) prr) gala) phla)

p,qel’
« i (@) B(p)+ale) () o—2mi(pte) S~ a
= Z o —2mip- S e+ 5T alp) B(p) ro(p) pB®) (6.11)
pel’

® Y da(g)alp—q) e v DD
qgel

The component of the product at each frequency p € I' is given by the sum

> alg)alp —q) e 7' w DR (6.12)
qel

If we require the duality morphism M between the fields ¢ and ¢V to be compatible with
the products, then we have to shrink each polarization factor

o & a(p) B(p) QW) psw) __, 1 (6.13)

In this (heuristic) way we obtain the inverse image of the product

M1 [é\/(x)(i\/(m)] _ Z e*27‘rip-2*1-1' Z d(q) d(p— q) e—i% det(A) gxp ) (6.14)

pel’ qel

This is the Moyal product ¢(z) * ¢(z) of the fields on the original torus. The noncom-
mutativity parameter ¢;; can be read off from (p.14) once we restore dimensions to the
wavenumbers p, ¢, and one has

det(AX) det(A) Area

Gij =

We thus recover the anticipated rational dimensionless noncommutativity parameter

B 2w 0
"~ Area

©

(6.16)

on the torus R?/I.

The dual field (6.7) is valued in the group algebra of SU(N), and it satisfies the
periodicity conditions

PoY(a) Pl = ¢V (x4 5 (BA4) v),

Loy y ) (6.17)
Q1¢V(@)Q =9¢"(z+x (2A4) v2) .
By redenoting the 't Hooft matrices as
Vi =P,
(6.18)
V2 = Q_la
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we can write the two conditions in (f.17) as the single one
- -1 -
(VA Vs?) Y () (VP 1Vs2) 7 =9V (2 + £ (R A) () (6.19)

where ¢ = (; v1 + (2 v is a vector in Z? whose components in the canonical basis are ¢;.
This shows that the operator

2(0) = Vv (6.20)
implements a particular type of translation. From the relation
E(C)E(Q) =2+ () eI HOG (6.21)
we deduce the commutation relations
2(¢)E(Q) = Z(QE() oI R TR (6.22)

This shows that the operators Z({) determine a representation of the group of magnetic
translations on the adjoint dual scalar field ¢V by displacement ¢ € Z2. Because of the
identities

VN =idy (6.23)

(2

the operators Z(() are periodic of period N in each direction. Thus they actually represent
translations by vectors of Z2;, which is consistent with the basic periodicity of the field
¢V (x).

We will use this periodicity constraint to regard the dual scalar field as an adjoint
section of a rank N gauge bundle over a dual torus. For this, we interpret the equation
(6:19) as a set of twisted boundary conditions for the dual field ¢ ¥ (z), implying that the
field is periodic up to a gauge transformation on a torus defined by a possibly different
lattice T'V. This would then allow us to define the dual quantum field theory on the
torus R%/TV. We thus require that there exists a period matrix ¥V and a U(N) gauge
transformation Q¢(x) such that

Q) 8 V(@) Q)" = 3V (x + 2V - () (6.24)

for any ¢ in some set of linearly independent integral vectors {¢(), ¢},
Consistency of the gauge transformations in (6.24)) implies that they must fulfill the
cocycle conditions

Qe (z+3Y () oQ(z) =Q(z+2"- ) oQu(x) (6.25)
and
Qc(z+3Y () =Qc(x) . (6.26)

We can write Q¢(x) in terms of magnetic translation operators, and requiring unitarity
leads to the expression

Q(z) = e “PTRE(C) (6.27)
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for some matrix B € M(2,Z). In the commutative case at hand, we can drop the abelian
phase factor in (B.27), as the cocycle conditions are automatically satisfied by a locally
constant gauge transformation. This will not be the case when we will deal with a noncom-
mutative field theory in the next section, since the star product will introduce an additional
phase and one cannot disentangle U(NV) fluxes into U(1) and SU(N) components.

Having chosen a set of linearly independent vectors {¢ @ ¢ (2)} to represent the basis
of non-contractible homology cycles of the dual torus, we obtain the fundamental domain
on the covering plane R? spanned by the two vectors

L(z4)-¢®  and L (zA4)-¢®. (6.28)

We can restrict to the case in which the twisted periodicity (p.24) is the smallest possible,
i.e. to the minimal fundamental domain. This can be translated into a condition on the

allowed vectors (V). The fundamental magnetic translations are generated by the operators
T; = =(¢Y) (6.29)
obeying the commutation relations
T,Ty=T;T; e % (6.30)
where the integral matrix

N detXVY 3
O detX €ij

Qi = —¢Wx¢W) = (6.31)

represents background flux through the dual torus. The standard choice of parameters 2§

A = <_OC(1)>, ¢V = (T}) and (@ = (g) (6.32)

with the condition ged(m, N) = 1 which ensures that the periodicity constraint (6.24) can-

is given by

not be satisfied on a smaller torus. We then obtain for the dimensionless noncommutativity

parameter
c
0=—— 6.33
v €Q (6.33)
and for the background magnetic flux
Qij =m €5 . (6.34)

6.2 Dual Fock modules

We can now compare the Fock spaces on which the quantum fields ¢V and ¢ are defined.
The twisted Fock space H? of the quantum field theory on the original noncommutative
torus is defined in terms of the twisted ogcillatcv)rs dg(p),d}; (p) in (R.1§) (along with their
negative energy antiparticle counterparts by(p), b}; (p) as in section f]). Using (.7) the Fock
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space for the adjoint scalar field ¢V is then the module given by H? @ CV and can be
defined in terms of the oscillators

d(p) = ag(p) ® $Q*W PP, 6.35)
df(p) = ag(p) ® P8P Q-a®)o )
It is easy to see that these oscillators satisfy the commutation relations
. < < . _2mi 4. 2mi g < .
d(p)d(q) = d(g)d(p) e~ & PG T MNP = d(q)d(p),  (6.36)

where the first phase factor comes from the 't Hooft algebra (6.9) and the second one
from the twisted oscillator algebra (R.20) (with 2p° — 1). As expected, the two factors
cancel each other and one recovers the standard untwisted canonical commutation relation
algebra (R.14) appropriate to the commutative dual complex scalar field theory. In other
words, there is a natural isomorphism of Fock modules H? @ CV = H defined by the map-
ping (6.3§). The phase cancellation follows from the fact that matrix multiplication with
the polarization matrix °Q®) PS®) ° implements the braided tensor product in (1.14)
for the present case. This matrix provides the additional twist by magnetic translation
operators appropriate to the quantum field theory in the background flux ;;. The defini-
tion (b.39) agrees with the general considerations of section p.J] and explicitly implements
the proposal of [[4] for gauge covariant twist elements. Completely analogous considera-
tions also apply by fully incorporating the negative energy antiparticle components of the
complex scalar fields following the treatment of section [.

7. Twisted quantum fields on irrational noncommutative tori

When the dimensionless noncommutativity parameter of the torus is not rational-valued,
the dual quantum field theory cannot be defined on a commutative torus, since via the
procedure of the previous section we would obtain a parameter of the form © = %.
To extend the derivation of the previous section to this case, we have to resort to a dual
field theory that lives on a noncommutative torus as well. Then both the original and the
dual scalar field theory involve noncommutative scalar fields in the adjoint representation of
respective unitary groups [B, i2]. In the dual field theory there is again a nontrivial magnetic
background. Our goal is to relate the moduli of both noncommutative field theories. We
will also give a more rigorous treatment of the duality transformation in the most general

case, which will include the transform M of the previous section as a special case.

7.1 Duality transformations of quantum fields

We firstly need the periodic version of the Weyl transform (R.15) appropriate to fields on
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a d-dimensional torus with period matrix 3. With our previous conventions one has

Wlf@)] = f(@) = / a'e f(€) 263 — €)°
- / a'e f(¢)

d
1 s g1 i
_ d E —2mipX T € o I | P* o
pel’

i=1

27r1p 2 (2-€)

- ’detE’ Z (/ddgf _2ﬂip'2_1'§> ﬁ Y;pi H e in©;;p'p’

i=1 i<j
(7.1)
where the plane wave coordinate operators
Y; = o2mivy Nl (7.2)
obey the commutation relations
VY, =YY, ¢ 2710 (7.3)
and ©;; is the dimensionless noncommutativity parameter
e=2rylo(x )’ (7.4)

The modular group SL(d,Z) of the noncommutative torus acts via the transformations

d
Y, — J[ v and © — HOH' for HeSL(dZ). (7.5)
k=1

This modular invariance can be used to bring the antisymmetric matrix © into its Jordan
canonical form. The Weyl transform ([.1) takes a function f(z) that actually lives on the
covering space R? and automatically gives an operator-valued function with periodicity
given by the matrix ¥, and hence a function on the noncommutative torus deformation of
RY/T.

Secondly, we need the generalization of the magnetic translation operators to arbitrary
dimensions d. Consider the operators

d
= =]I7" (7.6)

i=1

where T; are the fundamental magnetic translation operators obeying

T,T;=T,T, ¢' ¥ 9, (7.7)
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with @;; an antisymmetric d x d integral matrix representing the background magnetic
fluxes through the two-cycles of a dual torus as before. They satisfy the commutation
relations of the group of magnetic translations by ¢, ¢’ € Z¢ given by

2(Q)E() =2(¢)E(Q) e FEA, (7.8)

Analogously to the previous section, using SL(d, Z) invariance we can fix a basis {¢(*) d
of Z% in which Q;j assumes its normal form

—dn

where d = 2n and q,...,q, are integers.

At this point, we use the fact that the N-dimensional representations of the basic
operators T; = Z(¢()) can be decomposed into a tensor product of several SU(N,) repre-
sentations each generating M(N,,C) as an associative algebra. The ranks of the unitary
groups are given by the set of integers

N
= 7.10
ged(NV, ga) (710
and by the integer Ny defined via
n
N=nNo [] Na- (7.11)
a=1
The matrix representations are given by
Toa—1 = idy, ® - ® Py, ® --- ®idp, ®idy,,
(7.12)

Ty, = ile®"'®Q%la®"‘®idNn®idNo

with @ = 1,...,n, where P, and @ are the SU(h) 't Hooft shift and clock matrices,
respectively, and we have defined the reduced fluxes

q/ - da
“ ged(N,qa)

This situation parallels the two-dimensional construction of the previous section, where we

(7.13)

required that the fundamental domain of the covering space was the smallest one possible
for the given periodicity of an adjoint scalar field. Here we see explicitly how the dimension
N, of each block in the decomposition (7.12) and the reduced fluxes ¢/, are interwoven, and
the requirement of minimality translates into the dimension of the representation ([7.12).
We can now consider the gauge transformation operators given formally by the same
formulas as in (5.27). In contrast to the commutative case, however, we cannot drop the
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abelian factor. We rewrite the twisted boundary conditions (6.24) using star products
defined by a dual noncommutativity parameter #¥, which will be fixed later, to get

Qe(z) * ¢V (z)* Q) ' =9V (z+ 2V () . (7.14)
But now the cocycle conditions ([6.2¢) and
Qo (z+ZV-O)* Q) = Q(z+2Y - )+ Qu(x) (7.15)
are no longer trivially satisfied. Instead, we obtain the condition
exp (1¢-(BEY = (BEY)") ') exp(—i¢-(BOVBT)-¢')=exp (iZ (¢ -Q (). (7.16)
Since (.26) implies BXY + (BXY)T = 0, we obtain the constraint

Q= —% (2BXY - B6'B") (7.17)

on the matrix of magnetic fluxes through the two-cycles of the dual torus.
We have to impose the twisted boundary conditions on the magnetic background as
well. Defining the background abelian gauge field

Ai(z) =102 ®idy (7.18)
with ®;; a constant antisymmetric d x d matrix, one has the constraint
Ai(z+5Y () = Qc(x) +¥ Ai(z) * Qc(z)! — 10;Q(z) * Qe ()" . (7.19)
This yields the consistency condition

2BT T 1 1oy

Substituting into (7.17) we obtain

2T

Vi —ae @ = =) (@+leeve) Y = — (V) FxV (7.21)
=

where
Fj = DiAj — 0;4; (7.22)

is the noncommutative field strength of the background gauge field A. Notice the contri-
bution from noncommutativity coming from the gauge covariant derivative operators D;
corresponding to the background ([.1§).

In order to have operator-valued functions fulfilling the constraint (f.14), we have
to modify the definition of the Weyl transform (.1]) for dual fields. We can do this by

introducing factors made out of the fundamental magnetic translation operators T;, in a
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similar fashion to what we did for the rational case of the previous section. Thus we define

the dual Weyl transform

d d
1 -A-v; -C; iT@OY. ptpl
W) = gy el @ [[704 @ [yvree [ oo™ oy

1<j

where A and C' are nondegenerate d x d matrices with A € M(d,Z) as before, and a,(f) €
SU(Np) replace the Fourier coefficients of the expansion of the field f(z) in (f.1]). We can
define new plane wave coordinate operators

d d
=]y o 10 (7.24)
j=1 j=1

which satisfy the commutation relations

?

A Yj _ Yj WY e2mi(=COYCT+AQ N1 AT); 7 (7.25)
where
—aq;
a
Q' = (7.26)
—a,
@
is the matrix of reduced fluxes ([.13) with respect to a fixed basis of Z¢ and
Ny
Ny
N = ) (7.27)
Ny,
Ny,
is the matrix of reduced ranks ([.10). One has the d x d integral matrix identity
LN +AQ =idy (7.28)

arising from the Bézout identities for the relatively prime integers N, and ¢,.
The commutation relations ([7.2§) yield an equation for the noncommutativity param-

eter of the original torus given by
Oe=Ccx'yVeY (2'eY) cT —AQ N1 AT . (7.29)

The translation generators in the magnetic background are the derivatives

Dy = 9;— i[Ai(#), -] = 9 — 4 @y [27, -] . (7.30)
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Substituting into the standard definition for translation derivations of the noncommutative
torus

[ﬁl s i/]] =2ri (Ui . E_l . Uj) ?} (731)
we can work out the matrix C to be

C=x""(idg+360"®) =. (7.32)

Moreover, from the twisted boundary condition ([[.14) and the matrix Bézout identity
([7.28) we have

idg = —N'CE ' (ZV-¢"B") = —NCZ! (idg+26V®) BV (7.33)
up to an integer matrix. This leads to the relationship
r=%"(8VQ -N') (7.34)

between the periods of the dual noncommutative tori. Substituting into the relation (7.29)
we obtain

1 1 =" Q
O=c————¥VeY —AZAT
~ (idg + L6V ) xT N
Vv
= : ° . (L-N"1)AT. (7.35)

_@\/ Q/ — N/ N/T

Like the period matrix, the dimensionless noncommutativity parameter © is defined only
modulo an integer matrix on a torus, and so we can drop the matrix L AT in (f.35) to
finally obtain the relationship

o= L (@V LT - AT> (7.36)

T OVQ - N
between the noncommutativity parameters of the dual noncommutative tori in terms of an
O(d,d;Z) transformation.

We have thereby defined an algebra Dg r generated by the operators

(D, ¥}, (7.37)

which we have shown to fulfill the relations of the noncommutative torus with period matrix
¥ given by (7.34) and with dimensionless noncommutativity parameter © given by ([7.34).
It corresponds to the original algebra of observables. This construction also shows that
if we use the Weyl transform with twisted boundary conditions WV to define a field on a
noncommutative torus with a background magnetic flux, then we can define a dual field
theory on a noncommutative torus with related moduli and with no background flux, i.e. the
fields on the latter torus are single-valued functions. As expected from the considerations
of section [], the momentum operators in the dual field theory are the generators D; of the
magnetic translation group corresponding to the background ([7.1§).
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The correspondence between the Weyl transform W given by (7.1)) and the Weyl trans-
form with magnetic background in (.23) explains the heuristic rule (p.13) for passing to
the field theory without flux. In the noncommutative field theory defined by ([[.23) the
components of the dual quantum field ¢V at each frequency p € I' are given by the tensor
product of three factors

d
> _ [e] C 7 O
ip(¢Y) © E(p-A) @ s [[vF"s. (7.38)
i=1
The quantum field ¢ in the noncommutative field theory with trivial background is reob-
tained from the dual field theory by identifying Y; as the new coordinate operators, and
therefore the components of the field are given by

d

< o o-p-C-v; o

ap(0) ® o [ Y72, (7.39)
i=1

Hence by (7-24) one has a,(¢) = a,(¢" ). Thus the noncommutative quantum field the-
ory with nontrivial magnetic background has the same oscillators as the noncommutative
quantum field theory without the background.

7.2 Dual Fock modules

The dual twisted quantum field theories have different oscillators, as in the presence of a
background flux we must further twist by the appropriate magnetic translation operators.
If the Fock module HY ® CNo =2 H? of the original twisted quantum field theory is built on
twisted oscillators ag(p), ELZ (p) satisfying the algebra (R.20) (with 2p° — 1), then by (7.39)
the Fock space of the dual quantum field theory is defined analogously to the rational case
via the oscillators

d(p) = as(p) ®
. (7) . ) (7.40)
d'(p) = ®

acting on HY ® CV for p € T'. Using ([:29) and (R:20) the algebra of these dual creation
and annihilation operators is given by

d(p)d(q) = d(q)d(p) e2ir®"q
df(p)di(q) = di(q)di(p) e2rir®"a, -
d(p)di(q) = df(q)d(p) e 2717071 4 6d(p — q) ®idy .

These commutation relations obviously reduce to the ones of section f in the case when
©Y = 0. The dual oscillators thus form a representation of the twisted canonical commuta-
tion relation algebra with noncommutativity parameter ¥, and hence the mapping ([7.4()
provides a natural isomorphism of twisted Fock modules H? @ CN = HY . Again the
negative energy antiparticle components of the complex scalar fields are straightforwardly
incorporated into this discussion following the treatment of section fJ. We conclude that
the twisted Fock module transforms covariantly under Morita duality, given our definition

for the twisted oscillators as above.
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Let us cast this conclusion into a more algebraic framework which can be extended to
the description of dual twisted symmetries for more general noncommutative spacetimes.
Let A be the noncommutative torus algebra with noncommutativity parameter 0, and A"
its dual with noncommutativity parameter #V. The statement that these two algebras
are (strongly) Morita equivalent means that there exists an (A, A" )-bimodule MY and
an (AY, A)-bimodule M with the property that for any left A-module &, the module
EV = M®4E is a left AV-module such that MY @4v EY = MY @4v M @4 E = E. The
above calculation shows that this correspondence extends to the quantum level for the field
operators acting on the dual Fock modules £ @ H? and £Y ® 'Hev, given our definition for
braiding of multiparticle states. The bimodule property implies that the left and right
actions of the algebras commute, (f>¢) < f¥ = fo(pafY) foral f e A f¥ e AY
and 1) € MY. When tensored with the Fock bimodule H? ® (H?")*, this is the content
of the correspondence between the mode expansion coefficients ([.3§) and (7-39) of dual
quantum fields. This equivalence also leads to a kind of duality between the Hopf algebras
of twisted spacetime symmetries acting on the algebras A and A. It would be interesting
to understand the duality more thoroughly at this algebraic level.
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